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Abstract
In this paper we point out a close connection between the Darboux
transformation and the group of point transformations which pre-
serve the form of the time-dependent Schro¨dinger equation (TDSE).
In our main result, we prove that any pair of time-dependent real po-
tentials related by a Darboux transformation for the TDSE may be
transformed by a suitable point transformation into a pair of time-
independent potentials related by a usual Darboux transformation for
the stationary Schro¨dinger equation. Thus, any (real) potential solv-
able via a time-dependent Darboux transformation can alternatively
be solved by applying an appropriate form-preserving point transfor-
mation of the TDSE to a time-independent potential. The preeminent
role of the latter type of transformations in the solution of the TDSE
is illustrated with a family of quasi-exactly solvable time-dependent
anharmonic potentials.
PACS numbers: 03.65.-w, 03.65.Ge
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I. Introduction
A considerable amount of research has been devoted over the past few years
to the exact solution of the time-dependent Schro¨dinger equation (TDSE) in
1 + 1 dimensions. Several modifications of the celebrated Darboux transfor-
mation for the stationary Schro¨dinger equation, [1, 2], have been proposed
in this respect in the literature. Matveev and Salle showed that the usual
Darboux transformation for the stationary Schro¨dinger equation could also
be applied to the TDSE with a time-dependent potential, [3]. An equiva-
lent approach was followed by Bluman and Shtelen in [4], who considered
a non-local transformation which is precisely the inverse map of the usual
Darboux transformation. The Darboux transform of a time-dependent po-
tential is in general a complex-valued function. (The explicit conditions for
the resulting potential to be real-valued appear in a recent paper by Bagrov
and Samsonov, [5].) For this reason, several generalizations of the Darboux
transformation mapping real potentials to real potentials have been proposed
in the literature. The best known of these generalizations is the binary Dar-
boux transformation described in [3], which is in fact one of the main tools
for finding exact solutions of integrable equations.
A seemingly unrelated method of constructing exact solutions of the
TDSE which has proved remarkably successful is based on the use of point
transformations which preserve the form of the TDSE. The idea goes back
to the work of Leach on the time-dependent harmonic oscillator, [6], aris-
ing, e.g., in the study of the motion of charged particles in a Paul trap, [7].
The method was subsequently extended by Bluman, [8, 9], and Ray, [10],
to obtain exact solutions of the TDSE for a quadratic potential with arbi-
trary time-dependent coefficients. The technique has also been applied to
time-dependent harmonic oscillators with a repulsive barrier, [11], and to
anisotropic time-dependent harmonic potentials in 2 + 1 dimensions, [12].
The main purpose of this paper is to characterize the most general time-
dependent real potential whose Darboux transform is real. A partial result
along these lines for potentials rapidly decreasing at spatial infinity was men-
tioned in [13]. As noted in this reference, the latter potentials are of limited
interest regarded as solutions of the KP equation. However, potentials of this
type (and, more generally, of the type considered in this paper) are interest-
ing from the point of view of exactly solving the time-dependent Schro¨dinger
equation, as underscored by the recent work of Bagrov and Samsonov, [5,14].
In this paper we show that the Darboux transformation for the TDSE is
in fact closely related to the point transformation method. To this end, in
Section 2 we briefly review the Darboux transformation and the point trans-
formations preserving the form of the TDSE, applying the latter to construct
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a time-dependent anharmonic oscillator potential admitting a certain number
of algebraically computable wavefunctions. In Section 3 we derive the main
results of our paper, proving that any time-dependent real-valued potential
for which the Darboux transformation yields a real potential may always be
mapped to a time-independent potential by a form-preserving point trans-
formation of the TDSE. Moreover, the Darboux transformation for any such
potential is equivalent to a Darboux transformation for its associated time-
independent potential, followed by the inverse of the corresponding point
transformation. Finally, Section 4 is devoted to our concluding remarks and
related open questions.
II. General background
In this section we summarize the basics of the Darboux and the form-
preserving point transformations for the TDSE. Following Bagrov and Sam-
sonov, [5], we take as the starting point of the Darboux transformation for
the TDSE the intertwining relation
L(i∂t −H0) = (i∂t −H1)L , (1)
where
Hi = −∂2x + Vi(x, t) , i = 0, 1 , (2)
and L is a first-order differential operator of the form
L = L1(x, t)∂x + L0(x, t) .
It follows immediately from the intertwining relation (1) that if ψ0 verifies
the TDSE with Hamiltonian H0, then ψ1 = Lψ0 will solve the TDSE with
Hamiltonian H1. It is also easily verified that the intertwining relation (1)
will be satisfied if and only if
L = L1(∂x + χx) , V1 = V0 + 2χxx + i(logL1)t , (3)
where e−χ is a solution of the TDSE with potential V0, and L1 = L1(t) is
an arbitrary function. The transformed potential V1(x, t) is a real-valued
function if and only if
Imχxxx = 0 (4)
and
|L1| = exp
[
−2
∫ t
t0
Imχxx(x, s) ds
]
. (5)
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Without loss of generality, we shall assume from now on that L1 is real and
positive, and is therefore given by the right-hand side of (5).
Just as in the time-independent case, the Darboux transformation for the
TDSE can be inverted. Indeed, if ψ1 is a solution of the TDSE with potential
V1 given by (3), the function
ψ0(x, t) =
e−χ(x,t)
L1(t)
[∫ x
x0
eχ(y,t)ψ1(y, t)dy + c0(t)
]
(6)
with c0(t) given by
c0(t) = iL1(t)
∫ t
t0
eχ(x0,s)
L1(s)
(
ψ1,x(x0, s)− χx(x0, s)ψ1(x0, s)
)
ds
verifies the TDSE with potential V0. If the factor L1 is taken as unity, the
mapping ψ1 7→ ψ0 given by (6) reduces to the non-local transformation con-
sidered by Bluman and Shtelen in [4].
The most general point transformation mapping the TDSE(
i∂t + ∂x
2 − V0(x, t)
)
ψ0(x, t) = 0 (7)
for any given potential V0 into another TDSE with potential V 0 for the
transformed wavefunction ψ¯0 is defined by
x¯ =
x
C(t)
+B(t) , t¯ =
∫ t
t0
ds
C2(s)
,
ψ0(x, t) = |C|−1/2 exp
[
i
4
(
C˙
C
x2 − 2B˙Cx+ A(t)
)]
ψ¯0(x¯, t¯) , (8)
V0(x, t) =
1
C2
V 0(x¯, t¯)− C¨
4C
x2 +
(CB¨
2
+ B˙C˙
)
x− 1
4
(
C2B˙2 + A˙
)
,
where A, B and C 6= 0 are real-valued functions of t. Note that square-
integrability is preserved under the transformation (8). As remarked before,
the point transformation (8) has been employed to construct exact solutions
of the TDSE for quadratic potentials with time-dependent coefficients. The
interest of the transformation (8) is not limited, however, to quadratic (or
exactly solvable) time-dependent potentials, as evidenced by the following
Example. Consider the two-parameter family of anharmonic oscillator po-
tentials given by, [15–17],
V (x¯) = x¯6 + 2αx¯4 + (α2 − 4n− 3)x¯2 , (9)
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where α ∈ R and n ∈ N. The sextic potential (9) is a well-known example
of the class of quasi-exactly solvable potentials, for which a certain subset
of the spectrum can be computed by purely algebraic means; see [18] for
an extensive review of the field. The first n + 1 even bound states of the
potential (9) are of the form
φ(x¯) = exp
[
−1
4
x¯4 − α
2
x¯2
]
p(x¯2) , (10)
where p(s) is a polynomial in s of degree less than or equal to n which can be
computed algebraically. The point transformation (8) with A = B = 0 and
C = ω−1/2, ω = ω(t) being a positive function, leads directly to the potential
V (x, t) given by
V (x, t) = ω4x6 + 2αω3x4 +
(
α2 − 4n− 3− 3ω˙
2 − 2ωω¨
16ω4
)
ω2x2 . (11)
The TDSE with potential (11) possesses n+ 1 square-integrable solutions of
the form
ψ(x, t) = ω1/4 exp
[
− i
( ω˙
8ω
x2 + E
∫ t
t0
ω(s)ds
)]
φ
(√
ω x
)
, (12)
where φ(x¯) is an algebraic eigenfunction of the form (10) with eigenvalue E
of the Hamiltonian
H = −∂2x¯ + V (x¯) .
The potential (11) thus provides a natural extension of the notion of quasi-
exact solvability to the time-dependent case, in the sense that the associated
TDSE admits a certain number of solutions which can be determined alge-
braically. In particular, note that if ω(t) is of the form
ω0(t) = β
[
γ +
(
γ2 − (α2 − 4n− 3)β)1/2 sin (4√βt+ δ)]−1 ,
with δ ∈ R, β > 0 and γ2 > (α2 − 4n− 3)β > 0, the potential (11) reduces
to a harmonic oscillator with a periodic-in-time anharmonic perturbation,
namely
V0(x, t) = ω
4
0(t)x
6 + 2αω30(t)x
4 + βx2 .
III. The reality condition and the form-preserving
point transformations
In this section we prove the main results of our paper, starting with the fol-
lowing
5
Theorem. Let e−χ be a solution of the TDSE with potential V0(x, t). If χ
satisfies the reality condition (4), then V0(x, t) may be mapped to a time-
independent potential V 0(x¯) by a point transformation (8).
Proof. Let χ0 = Reχ, χ1 = Imχ. The TDSE for e
−χ is then equivalent to
the pair of real equations given by
χ0,t + χ1,xx − 2χ0,xχ1,x = 0 , (13)
V0(x, t) = χ1,t − χ0,xx − χ21,x + χ20,x . (14)
If the reality condition (4) holds, i.e., if χ1 is of the form
χ1 = a(t)x
2 + b(t)x+ c(t) , (15)
eqns. (13) and (14) reduce to
χ0,t − 2(2a x+ b)χ0,x + 2a = 0 . (16)
V0(x, t) = (a˙− 4a2)x2 + (b˙− 4ab)x+ c˙− b2 + χ20,x − χ0,xx . (17)
The general solution of eq. (16) is of the form [19]
χ0 = −2
∫ t
t0
a(s)ds+ F
(
e
4
∫
t
t0
a(s)ds
x+ 2
∫ t
t0
b(s)e
4
∫
s
t0
a(r)dr
ds
)
, (18)
where F is an arbitrary real-valued function. Substituting this expression
into (17), we immediately conclude that the transformation (8) determined
by
C(t) = e
−4
∫
t
t0
a(s)ds
, B(t) = 2
∫ t
t0
b(s)
C(s)
ds , A(t) = −4c(t) , (19)
maps the potential V0(x, t) into the time-independent potential
V 0(x¯) = F
′2(x¯)− F ′′(x¯) . Q.E.D.
Thus, any potential for which the Darboux transformation yields another
real-valued potential may be mapped into a time-independent potential by a
form-preserving point transformation. It is easy to check that the transform
of e−χ under the point transformation (8,15,18,19) is e−F , which is there-
fore an eigenfunction of the time-independent potential V 0(x¯). The next
Corollary shows that the usual Darboux transform of the associated time-
independent potential generated by F is related to the Darboux transform
of the original potential by the same point transformation:
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Corollary. Let e−χ = e−χ0−iχ1 be a solution of the TDSE with potential
V0(x, t), with χ satisfying the reality condition (4). Let D and T denote, re-
spectively, the Darboux transformation (3) and the point transformation (8)
defined by χ via eqns. (15,18,19). Let D denote the Darboux transformation
generated by F . Then
T ◦D = D ◦ T . (20)
Remark. This result may be easily visualized with the help of the following
commutative diagram:
V0(x, t)
T−−−→ V 0(x¯) = F ′2 − F ′′
D
y yD
V1(x, t) −−−→
T
V 1(x¯) = F
′2 + F ′′
Proof. The proof follows from a straightforward application of the appropri-
ate formulae for the transformed potentials and wavefunctions. Q.E.D.
The above Corollary shows, in particular, that the potential V1(x, t) is
the image under the inverse of the form-preserving point transformation T
determined by (8,15,18,19) of a time-independent potential V 1(x¯). Exact
solutions of the TDSE with potential V1 can therefore be obtained simply
by applying the point transformation T−1 to solutions of the TDSE for the
time-independent potential V 1.
Another important consequence of the above Corollary is that, if the
potential V 0 satisfies (for instance) the condition∫
∞
−∞
∣∣V 0(x¯)∣∣ (1 + |x¯|) dx¯ <∞ , (21)
then the time-dependent Darboux transformation (3) preserves the square-
integrability of eigenfunctions. Indeed, if V 0 verifies (21) then the time-
independent Darboux transformationD determined by a non-vanishing eigen-
function of V 0 preserves square integrability, [20], [21]. The result stated
above then follows easily from (20), the invertibility of T, and the fact that
the form-preserving point transformation T always preserves square integra-
bility.
Example. It is straightforward to verify that all the examples of time-
dependent potentials appearing in Refs. [4,5,14] which are solvable by means
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of a Darboux transformation are indeed the images of certain exactly solv-
able time-independent potentials under suitable form-preserving point trans-
formations.
For instance, the free-particle potential V0(x, t) = 0 admits a one-parameter
family of solutions
ψλ(x, t) = (1 + t
2)−1/4 exp
[
i
4
(
t x2
1 + t2
+ 4 λ arctan t
)]
Qλ(x/
√
1 + t2)
satisfying the reality condition (4), where Qλ is a (real-valued) solution of
Weber’s equation
Q′′λ(y)−
(
y2
4
+ λ
)
Qλ(y) = 0 (22)
(see [14], eq. (18)). By the Theorem at the beginning of this section, it
follows that V0 is related to a certain time-independent potential V 0 by a
point transformation (8). Indeed, in this case we have
χ1 = − Im logψλ = − t x
2
4(1 + t2)
− λ arctan t ,
so from (19) it follows that
C =
√
1 + t2, B = 0, A = 4 λ arctan t. (23)
Substituting these formulae into (8) we find that
x¯ =
x√
1 + t2
(24)
and
V 0(x¯) =
x¯2
4
+ λ (25)
is a harmonic oscillator potential.
For all n ∈ N, let Hn denote the n-th Hermite polynomial. The functions
[22]
Qn+ 1
2
(y) = in ey
2/4Hn(i y/
√
2)
are real-valued solutions of Weber’s equation (22) with λ = n + 1
2
without
zeros on the positive real semiaxis [23]. Hence, for all n ∈ N the Darboux
transformation determined by the eigenfunction ψn+ 1
2
of V0 is well-defined
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on the positive real semiaxis. From eqns. (3,5) and the definition of ψλ, it
follows that the transformed potential V1 is given by
V1(x, t) = 2χ0,xx = −2
[
logQn+ 1
2
(x¯)
]
xx
=
2
1 + t2
(
Q′2
n+ 1
2
(x¯)
Q2
n+ 1
2
(x¯)
− x¯
2
4
− n− 1
2
)
,
where x¯ is given by (24). Using standard identities for the derivatives of
the Hermite polynomials, the reader can easily verify that this formula for
V1(x, t) agrees with the corresponding expression given in [14]. As stated in
the Corollary, the potential V1(x, t) is related by the point transformation (8)
defined by (23) to a time-independent potential V 1(x¯) obtained from V 0(x¯)
by applying a time-independent Darboux transformation D. From (18) and
the definition of ψλ, it easily follows that the function F (x¯) generating the
Darboux transformation D is given by
F (x¯) = − logQn+ 1
2
(x¯) ,
and therefore
V 1(x¯) = F
′2(x¯) + F ′′(x¯) = 2
Q′2
n+ 1
2
(x¯)
Q2
n+ 1
2
(x¯)
− x¯
2
4
− n− 1
2
.
It is straightforward to check that the potentials V1(x, t) and V 1(x¯) are indeed
related by the point transformation (8) determined by (23).
IV. Conclusions
In this paper, we have shown that the Darboux transformation for the time-
dependent Schro¨dinger equation is essentially equivalent to the usual Dar-
boux transformation for the stationary Schro¨dinger equation. Any (real) po-
tential V1(x, t) solvable via a time-dependent Darboux transformation start-
ing from a real potential V0(x, t) can alternatively be solved by applying a
form-preserving point transformation to a time-independent potential V 1(x¯).
As a matter of fact, although a large number of methods and papers have
been devoted in recent times to the exact solution of the TDSE [24], most of
the associated time-dependent Hamiltonians either are not of the standard
form (2), or are also obtainable from a time-independent Hamiltonian by a
form-preserving point transformation.
The interest of the Darboux transformation for the TDSE as a useful
method to obtain new (quasi-)exactly solvable time-dependent potentials
is therefore very limited. It should be noted, however, that the Darboux
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transformation for the TDSE could still render helpful results if the starting
potential is not a real-valued function but only the transformed potential
is real [25]. As a final remark, we would like to stress that the Darboux
transformation may still be useful to construct exact solutions to real-valued
diffusion equations of the Fokker–Planck type, for which no reality condition
as eq. (4) must be considered.
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